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ABSTRACT: We use supersymmetric generalised unitarity to calculate supercoefficients of
box functions in the expansion of scattering amplitudes in N' = 8 supergravity at one
loop. Recent advances have presented tree-level amplitudes in N' = 8 supergravity in
terms of sums of terms containing squares of colour-ordered Yang-Mills superamplitudes.
We develop the consequences of these results for the structure of one-loop supercoefficients,
recasting them as sums of squares of N' = 4 Yang-Mills expressions with certain coefficients
inherited from the tree-level superamplitudes. This provides new expressions for all one-
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1 Introduction

Recent advances have indicated that gravity scattering amplitudes are much simpler than
what one would infer from the Feynman diagram expansion, very much like in Yang-Mills
theory. In [1, 2], on-shell recursion relations were written down for graviton amplitudes
at tree level, and a remarkably benign ultraviolet behaviour of the scattering amplitudes
under certain large deformations along complex directions in momentum space was ob-
served. This behaviour, not apparent from a simple analysis based on Feynman diagram
considerations [1, 2] similar to those discussed in [3] for Yang-Mills amplitudes, was later
re-examined and explained in [4-6].

At the quantum level, unexpected cancellations occur in maximal supergravity starting
at one loop, which led to the conjecture [7-10] and later proof [6, 11] of the “no-triangle
hypothesis”. According to this property, all one-loop amplitudes in AN/ = 8 supergravity can
be written as sums of box functions times rational coefficients, similarly to one-loop ampli-
tudes in N' = 4 super Yang-Mills (SYM). Interesting connections were established in [12]
and [11, 13] between one-loop cancellations, and the large-z behaviour observed in [1, 2, 4—
6], as well as the presence of summations over different orderings of the external particles
typical of unordered theories such as gravity (and QED). There is therefore growing evi-
dence of the remarkable similarities between the two maximally supersymmetric theories,
N =4 SYM and N = 8 supergravity, culminating in the conjecture that the N/ = 8 theory



could be ultraviolet finite, just like its non-gravitational maximally supersymmetric coun-
terpart. This is supported both by multi-loop perturbative calculations [12, 14-16], and
string theory and M-theory considerations [17-20].

In a recent paper [21], Elvang and Freedman were able to recast m-graviton MHV
amplitudes at tree level in a suggestive form in terms of sums of squares of n-gluon MHV
amplitudes. An analytical proof for all n of the agreement of their expression to that for
the infinite sequence of MHV amplitudes conjectured from recursion relations in [1] was
also presented, as well as numerical checks showing agreement with the Berends-Giele-Kuijf
formula [22]. A direct proof of the formula of [21] was later given in [23].

In a related development at tree level, the authors of [24] used supersymmetric re-
cursion relations [6, 25] of the BCF type [3, 26], and the explicit solution found in the
N =4 case in [27], to recast amplitudes in AN/ = 8 supergravity in a new simplified form
which involves sums of N/ = 4 amplitudes. Specifically, according to [24] a generic N = 8
superamplitude can be written as

M(L,...on) = > M(1L,...,n), (1.1)

where the ordered subamplitudes M(1,...,n) are [24]:

M(1L,...on) = [AMVA ) Y [Ra(Ai A mi)]? Ga(Ais M) (1.2)

«

Here AMHV(1,... n) is the MHV superamplitude in N' =4 SYM [28], and R,, are certain
dual superconformal invariant quantities [27], extending those introduced in [29, 30] for
the next-to-MHV (NMHV) superamplitudes. G, are certain gravity “dressing factors”,
which are independent of the superspace variables 7; associated to each particle i in the
amplitude. Finally, the sum in (1.1) is over all permutations of the labels (2,...,n — 1).
The fact that the sum over permutations in (1.1) does not contain two of the n scattered
particles will be important in what follows.

Turning to loop amplitudes, it has been shown recently in [29] that four-dimensional
generalised unitarity [31, 32] may be efficiently applied to calculate the supercoefficients
of one-loop superamplitudes in A/ = 4 SYM. One of the advantages of the use of su-
peramplitudes is that it makes it particularly efficient to perform the sums over internal
helicities [6, 29, 33—-38], which are converted into fermionic integrals. Furthermore, accord-
ing to the no-triangle property of maximal supergravity [6-11], one-loop amplitudes in the
N = 8 theory are expressed in terms of box functions only, therefore the coefficients of
one-loop amplitudes can be calculated by using quadruple cuts. It is therefore natural to
investigate how the new expressions for generic tree-level A" = 8 supergravity amplitudes
found in [24] can be used together with supersymmetric quadruple cuts [29] in order to
derive new formulae for one-loop amplitudes in A/ = 8 supergravity. This will be the main
goal of this paper.

One interesting consequence of the structure of (1.1) for the results we derive for the
one-loop box supercoefficients is that when the expressions for tree-level amplitudes are



inserted into quadruple cuts, they give rise to new general formulae for the supercoefhi-
cients that are written as sums of squares of the result of the corresponding N' =4 SYM
calculation (apart from the four-mass case, this will be the square of an N = 4 coefficient),
multiplied by certain dressing factors. The one-loop supercoefficients therefore inherit the
intriguing structure of tree-level amplitudes exhibited by (1.1) and (1.2).

Specifically, we will calculate supercoefficients for MHV, NMHV and N?MHV super-
amplitudes, and we will show in a number of cases how these new expressions match known
formulae. In particular, we will show how our results agree with the expressions for the
infinite sequence of MHV amplitudes obtained in [7] using unitarity, with the five-point
NMHV amplitude [7], and with the six-point graviton NMHV amplitudes coefficients de-
rived in [8, 9]. In the MHV case, we propose a correspondence between the “half-soft”
functions introduced in [7] and particular sums of dressing factors, which we check numer-
ically up to 12 external legs. In [7-9], the tree-level amplitudes entering the cut had been
generated using KLT relations [39]; in our approach, we will instead use the solution of
the supersymmetric recursion relation given by (1.1) and (1.2). Our results support the
conjecture that all one-loop amplitude coefficients in N/ = 8 supergravity may be written
in terms of N' = 4 Yang-Mills expressions times known dressing factors.

The rest of the paper is organised as follows. In the next section we will briefly review
some background material needed in order to describe amplitudes in maximally supersym-
metric theories, and quadruple cuts. In section 3 we will study MHV superamplitudes
at one loop, deriving a straightforward general expression for the supercoefficients in the
n-point case. We propose a conjecture which enables an immediate correspondence to be
made with the known general formula for these amplitudes, and test this explicitly for 2me
coefficients with up to n = 22 external legs. Section 4 turns to consider NMHV amplitudes.
We derive general expressions for the 3m and 2me box coefficients, and the related 2mh
and 1m coefficients. Similarly to the SYM case considered in [29], all the supercoefficients
can be written in terms of the 3m coefficients, which we are able to recast as sums of
squares of the corresponding SYM 3m coefficients, times certain bosonic dressing factors.
In section 5 we study explicit examples, starting with the five-point NMHV case, which
provides a simple toy model for studying structures at higher points, and we then discuss
the six-point NMHYV case. In section 6 we describe how this approach applies in general
to NPMHYV amplitude coefficients. We conclude with some discussion of further work.

Note added. After this paper was completed, we became aware of [40], which appears
to overlap with our paper.

2 Background

In the supersymmetric formalism of [28], one associates to each particle in the NV = 8
theory the usual commuting spinors Aa, A4 (in terms of which the momentum of the i*®
particle is pfm = )\fl;\fl), as well as anticommuting variables 77;4, where A =1,...,8 is an
SU(8) index. The supersymmetric amplitude can then be expanded in powers of the V' = 8
superspace coordinates 77f4 for the different particles, and each term of this expansion cor-
responds to a particular scattering amplitude in N' = 8 supergravity. In particular, a term



containing m; powers of nf;‘ corresponds to a scattering process where the i*" particle has
helicity h; = 2 —m;/2.
Generalising the discussion of [29] to N/ = 8 supergravity, we write a generic n-point

superamplitude with n > 3 as

MW A ) = i(2m)'60 (p) 619 (q) Pu(X, A, ), (2.1)
where the function P,, has the form

P =P + P + PO 44 pEn=32), (2.2)

where P,(L8k)()\, A7) is an SU(8) invariant homogenous polynomial in the 7’s of degree 8k.

Furthermore p := Y " | \;\; is the total momentum of the particles, and qﬁ =y q;?,i is

the sum of the supermomenta qé‘.i = ana;i of each particle i. The fermionic delta funct7ion

§(16) (g4) raises the degree of each term to 8k+16. Each ! carries helicity of 1/2, therefore

the term 5(16)(q£)73,(18k)()\, \,7) has total helicity of 2k + 8, giving the N*MHV amplitude.

The three-point supergravity amplitudes are given by [6]
MHV 2 516 (Xoim1 M)

AT L2 = iy ey >

50 (11 23] + 12 [31] + ns[12)
[ARIB?

MMV (1,2,3)

MYTV(1,2,3) = [A)TV(1,2,3)] = (2.4)
and are obtained by simply squaring the corresponding MHV [28] and anti-MHV [6, 25]
superamplitudes in /' = 4 SYM. Notice in (2.4) the presence of an unusual fermionic delta
function. It is also easy to show that (2.4) is invariant under all supersymmetries.
One-loop amplitudes can be expanded in a known basis of scalar integrals which, in
maximally supersymmetric theories, contains only box functions. This was shown in [41]
for the SYM case, and is the content of the no-triangle property mentioned earlier. We

will therefore write a generic one-loop superamplitude in maximal supergravity as
MTIP = N"C(Py, Po, Py, PA)Z(P1, Py, P3, Py) (2.5)

where we are summing over all distinct scalar box functions Z(Py, P, Ps, Py) with external
momenta Py, ..., Py [42], and C,, (P, P2, P3, Py) are the supercoefficients of the expansion.

Using generalised unitary in four dimensions, the one-loop supercoefficients of maxi-
mal supergravity amplitudes can be expressed in terms of products of four tree-level am-
plitudes as

4
1
C(Py, Py, P3,Py) = §Z/Hd8mi
S+ =1
XM(_ll,Pl,l2)M(_l2,P2,l3)M(_l3aP3al4)M(_l4aP4al1)’ (26)

where we are averaging over the two solutions Sy to the cut conditions li2 =0,i1=1,...,4,
which impose that all the internal propagators are on shell [32], and supermomentum con-
servation delta functions for each of the four amplitudes entering (2.6) are understood.



The integration is performed over the four Grassmann variables n;,, 7 = 1,...,4 associated
with the internal cut legs.

In the next sections we will describe how (2.6) can be applied to obtain supercoefficients
for the MHV and NMHV amplitudes in maximal supergravity.

3 One-loop MHYV superamplitudes

In [29], the one-loop MHV superamplitude in N' =4 SYM was derived using a supersym-
metric extension of the quadruple unitarity cuts of [32]. It turns out that many of the
details of the calculation presented in [29] carry over directly to the supergravity case, and
we will follow closely the notation of these authors in order to simplify the comparison.

We begin by giving the expression derived in [29] for the supercoefficient of the generic
diagram contributing to the MHV superamplitude, drawn in figure 1,

4
VA1, Ps,Q) = %Z/Hd‘*mi (3.1)
S+ =1

3D mllat) + mi[131) + my [1a]) 8 vy, + 33571 A = Mg

[L2][lal1] 11 1] (122) -+ (s = 1 I3)(I3l2)
3 (myy [s1a] + nsllals] + mu, [lss]) 0 gy + 35y Ximi — A
[lgS] [Sl4] [l4l3] <l4 s+ 1> cee <’I’Ll1><l1l4> ’

where the sum goes over the two solutions to the cut equations. The four terms in (3.1)
come from the product of the four tree-level amplitudes in the diagram,

Ag/[HV(—ll, 1, l2) A(—ZQ, 2,...,5—1, lg) Ag/IHV(—lg, S, l4) AMHV(—l4, s+1,...,n, ll), (32)
where AMHV is the MHV superamplitude [28],

N 5®) ( Z?:1 Ui)\i)

MHV
A1, n) = N2 ) (3.3)
and we have defined
N(1,2,...,n) = (12)(23) --- (nl) . (3.4)
As shown in [29], the result of evaluating (3.1) is
CN:4(1 P s Q) - 1(P2Q2 _ St) 5(8)(2?:1 77i)‘i) (3 5)
i 2 N(1,2,....n) '

Incidentally, we notice that in order to arrive at (3.5) it is not necessary to know the explicit
solutions to the cut equations, but only that the holomorphic spinors at the three-point
anti-MHV corners are proportional, i.e. A, oc A\, o< Ay, A, o< A, o< Ag. We also notice
that for n > 4 only one of the two cut solutions contributes to the cut diagram of figure 1.
This leads to the factor of 1/2 on the right-hand side of (3.5).



Figure 1. A quadruple cut diagram determining the supercoefficient CN=%(1, P, s, Q) in the MHV
superamplitudes in N' =4 SYM and A/ = 8 supergravity. The two three-point amplitudes have the
anti-MHV helicity configurations, and the remaining two amplitudes are MHV’s.

Let us now consider the same quadruple-cut diagram but in the N' = 8 supergravity
case. The supercoefficient is given by the following integral,

CN=8(1,P,5,Q)= Z/Hdsn MYBV (13 1 0) MMEY (1, 2, s —1,15)

XMMHV( I3, s,1) MMEV(_1, s +1,...,n,1), (3.6)

where we sum over the same two solutions of the cut equations as in the Yang-Mills case,
but now integrate over the eight superspace variables n?, A = .., 8, and insert the
tree-level MHV and anti-MHV supergravity amplitudes MMHV and MMHV.

The simplification in calculating (3.6) comes when we utilise the result of Elvang and

Freedman [21], who have given the following expression for the n-point (n > 3) tree-level
MHYV supergravity amplitudes in terms of the Yang-Mills MHV tree amplitudes and certain

“dressing factors” GMHV:
MYV = N AV ) PGMIV(L, ), (3.7)
P(277n71)
where we sum over permutations P(2,...,n — 1) of the elements (2,...,n — 1), and the

dressing factors are given by

GMHV (1, =22, H (s|zs, 5+2x5+2 n|n) _ (3.8)

We have used in the above the form of the result as given in [24]. Note that the dressing

factors are independent of the superspace variables 7;.



Now we may insert these expressions into the formula (3.6) to find the box coefficients
cN =8(1,P,s,Q). This results in a sum of products of squares of Yang-Mills superampli-
tudes, times dressing factors. The key point here is that since the dressing factors are
independent of the superspace variables, we may follow exactly the manipulations of [29]
in order to carry out the superspace integrations, and this will yield exactly the square of
the Yang-Mills result (3.5). We follow the conventions of [24] with regard to squaring delta
functions, in particular it is understood that

<5(8) (gm&))Q = §(10) <ZZ:;77@)\1> ; (3.9)

where there are the four Yang-Mills i variables on the left-hand side of this expression and
the eight supergravity ones on the right-hand side.

Hence the result of the superspace integrals in (3.6) is

CN=(1,P,5,Q) = P2Q2 2y Z > (3.10)

St P(2,....,s—1) P(s+1,...,n)
GMHV(—ZQ, 2,...,5—1, lg)GMHV(—l4, s+1,....n, ll)
(N(L....n)? :

X

where the dressing factors GMHV

are given by (3.8), and the first summation involves
inserting the explicit solutions to the quadruple cut conditions. This solution is very easy
to determine for the two-mass easy box case. In the specific cut in figure 1, where the two
three-point superamplitudes have the anti-MHV helicity configuration, there is only one

solution for the cut loop momenta, which has the form
h=M\y, =My, 3= AN, = ANy, (3.11)

and we wish to determine 5\11, N .- This is accomplished by imposing momentum con-
servation at the four corners of the cut diagram. The result is

5 (slQ 5 (s|P 5 1p 5 (1Q
l1 <51> 7 lQ <51> ) 13 <1S> ) l4 <1S> ) ( )
from which the cut momenta [y, ...,l4 are then obtained using (3.11),
S s|P 1|P 1
TS N PN ly = —|s)sL L = [s)iHQ (3.13)

(s1) (s1) s} (Ls)

Given that only one solution to the cut contributes, one can drop the sum over Sy in (3.10),
and a factor of 1/2 is left over.

Taking this into account, we can instantly recast (3.10) as

2
N=HLPsQ) =Y Y [CN 4(1, P, s Q)] 2 GMEV (1, P I)GMEV(_1, Q. 1),
P(P) P(Q)
(3.14)

where P and @ here denote the sets P ={2,...,s—1}and Q ={s+1,...n}. The N =4

supercoefficient CN=4(1, P, s, Q) is given in (3.5), and the loop momenta are evaluated on



the solution provided by (3.13). The expression (3.14) gives a new form of the one-loop
integral coefficients in the supergravity MHV amplitudes for any number of external legs.
Next we would like to compare our result (3.14) to previously known expressions for the
MHYV coefficients. In [7] the infinite sequence of graviton MHV amplitudes was presented.

The result of that paper for the two-mass easy coefficients is!
CN=8(1, P, 5,Q) =

5 (P°@2 — st)’h(1, (P}, 5) h(s, {Q).1) (3.15)

The first three “half-soft” functions h(a, M,b) are given by

a{1}.D) = Tz (316)
- [12]
e 210 = Tiajan 10) (a2 ()
) _ [12][23] [23][31]
A2 300 = o an) (W) a8y B BB (a2) @) an 10
EliE)

+

]
(31)(12)(a3)(3b)(a2)(20) °

A recursive form for the h functions is also given in [7] as well as the following explicit
formula:

[12] (a| K1 2|3](a|K13/4] - - - (a| Kin—1]n]
hla, 1,2, mhb) = 1y By (o T {alV D) (ard) (18 ()
+P(2,3,...,n), (3.17)

where Ki,j =ki+kiv1+-+ kij.

In order to show that the two expressions (3.14) and (3.15) for the one-loop MHV
amplitude coefficients are equivalent, we consider a massive tree sub-amplitude in the
loop diagram under consideration, for example that containing the set of momenta ) =

{s+1,...,n}, with internal loop momenta l4,l;. We now make the following conjecture
relating the h functions in (3.15) to the dressing factors G of (3.10):
MHV —1 l
> ¢ el A QLY. (319)

P(s+1,...,n) ((ss+1)(s+1s+2)---(n—1n) <n1>)2

where it is assumed that a solution to the cut loop momentum constraints is inserted in
the left-hand side of this equation. If this relation is true, it follows directly that our
formula (3.14) is identical to (3.15). Let us first see how the equality (3.18) works in
some simple cases.

For the case where () is a single momentum, the result (3.18) is immediate since
G(a,b,c) =1 and h(a,{b},c) = 1/({ab){bc))?.

The next check we perform is for the case when () contains two momenta, where we
suppose that the labels of the amplitude are (—l4,4,5,11), with the neighbouring external

LA factor of (—1)™ in the result of [7] for the 2me coefficients can be attributed to different conventions.



Figure 2. The quadruple cut diagram considered for the derivation of (3.19).

legs being labeled 3 and 1, as in figure 2. Then we wish to show that

GMHV(—1,,4,5,17)
o (B (a5 (51)?

— h(3,{4,5},1). (3.19)

The loop variable solution is in this case

B34)[1)[4] + 35)[1)]5]
(13)

L= : (3.20)
which follows from (3.13) with @ = ps+ps. We also notice that the four-point dressing fac-
tor is given by the same expression in (3.8) but without the product, i.e. GM1V(1,2,3,4) =
x%,. Taking this into account, inserting (3.20) into the left-hand side of (3.19) and using
standard identities, we arrive at

Z GMUV(_14,4,5,11) [45] 1

(BA)E5)(51))2 ~ (45) (34)(41)(35)(51) (3.21)

P(4,5)

which is precisely h(3,{4,5},1). Note that we did not use any properties of the momenta
at the other massive tree amplitude in any diagram containing this one.

For the next case, let us suppose that the labels of its legs are (I4,4,5,6,11), with the
neighbouring external legs being labeled 3 and 1 again. Then we wish to show that

GMHV(—14,4,5,6,11)
((34)(45)(56)(61))*

= h(3,{4,5,6},1) . (3.22)
P(4,5,6)

The loop variable solution which we will use in this case follows again from (3.13) with

Q = p3 + ps + ps,

I = <1—g><<34>y1>\4] + (35)|1)|5] + (36>\1>]6]> . (3.23)



S +1

1

Figure 3. The quadruple cut diagram determining the two-mass easy supercoefﬁment
CN:8(1,P,3,Q) in the MHV amplitudes in N' = 8 supergravity where P := Zl 5 DL, =
>, 41 0. The black blobs denote anti-MHV three-point amplitudes, the remaining amphtudes
have the MHV helicity configuration.

Inserting this into the left-hand side of (3.22) one finds

(3.24)

GMHV(—_1,,4,5,6,l;) 1 > [56]([45](15) + [46](16))
2 2
ooz BOEBEO) 0T (13] 2= (14)(34)(45)(16) 56)
Adding the terms from the permutations (456) and (465) it is straightforward to obtain
the first term of h(3,{4,5,6},1) as given using the last formula in (3.16); the cyclically
rotated terms are obtained in the same way.
To study the conjecture (3.18) in general, we consider the quadruple cut diagram in
figure 3. Again only one solution to the cut equations contributes; we will need explicit

expressions for the cut momenta /; and l4, which are given by

n n

I :% S, = S ()]s - (3.25)

<1S i=s+1 <81> i=s+1

Consider first the dressing factor from the MHV amplitude MMV (—14 s +1,...,n,1).
This is given by

T‘ —|— 1 ? i|ly
r=s+1
where
1 . _
S_lys+1 = Tis) i;ﬂ(ﬂ)(s s+ 1)[s+11]. (3.27)

,10,



Inserting the solution for the cut loop momenta into GM1V (—ly,5s 4+ 1,...,n,l;), and de-
noting the corresponding quantity G'(s, {s + 1,...,n},1), one finds

n n—2 no o
G'(s,{s+1,...,n}1) = L ( Z <i1><ss+1>[s+12‘]> H (rl(r+1) >4 01l1) .

<1S> i=s541 r=s+1 <7“1>
(3.28)
We have checked numerically that
G 1,... 1
(s{s#l...omb 1) — W {s+1,...,nh1),  (3.29)

Pl ((s(s + D) ((s + V(s +2) - (n))

for up to 12 legs, i.e. for n up to s+10. Note that an identical argument applies to the other
massive corner with momentum P := 27;21 p; in the 2me box diagram. Therefore, this
numerical check shows that the two expressions (3.14) and (3.15) for the 2me coefficients
are equivalent for up to 22 external legs, whereas for the 1m diagrams, the equivalence is
up to 13 legs.

With the loop solutions inserted, our expression for the MHV amplitudes in super-
gravity is then given by

VL PsQ) =Y Z cN=4(1,P,5,Q)) G (1, P,s) G'(5,Q,1) . (3.30)

P(P)P

These results indicate that generalised unitarity works for the MHV superamplitudes at
one loop, and utilising suitable expressions for the tree amplitudes in this process, one
derives expressions for the supergravity coefficients as sums of squares of SYM coefficients
times known dressing factors, as given in the equation above.

We now move on to consider NMHV superamplitudes.

4 Next-to-MHYV supergravity amplitudes

For next-to-MHV amplitudes in N’ = 8 supergravity, the three-mass and two-mass hard
box functions also appear, in addition to the two-mass easy and one-mass ones. The
relevant quadruple cut diagrams are the same as those appearing in [29] in the N' =4 SYM
case. In the following, we will give general expressions for the different box coefficients.

4.1 Three-mass and two-mass hard coefficients

We begin by considering three-mass coefficients. In this case, there is one quadruple cut
diagram containing three MHV amplitudes and one anti-MHV, with each MHV ampli-
tude containing more than three legs in general. The relevant quadruple cut diagram is
represented in figure 4 and yields the expression

CS (T P Q R Z/Hdsn MMHV llara ZQ) MMHV(_Z2774+ 17 ;S — 17l3)

s MMIV( 1) MMV (e 1,0, (4.1)

— 11 —
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Figure 4. The quadruple cut diagram determining the three-mass supercoefficient CV =3(r, P,Q, R)
in the NMHV amplitudes in N' = 8 supergravity. There is a single three-point amplitude partici-
pating in the cut, with the anti-MHYV helicity configuration. The remaining three superamplitudes
are MHV’s. We also define P := le;'r“l+1 1, Q == Zf;: p1, and R := Z;:tl DI

where the three-point anti-MHV amplitude is given in (2.4). The MHV superamplitude
may be written in terms of squares of Yang-Mills amplitudes times dressing factors us-
ing (3.7) and (3.8). What will be important in what follows is that in the sum over permu-
tations in (3.7) there are always two missing legs. In applying this formula to write down
explicitly the MHV superamplitudes entering the cut diagram in (4.1), we will arrange
these two missing legs to be precisely the loop legs.

Since the dressing factors are independent of the superspace variables 7, the fermionic
integrations in (4.1) can then be done similarly to those for the SYM case in [29]. Only
one of the two solutions to the cut equations contributes to the maximal cut diagram in
figure 4, hence we can drop the sum over Sy in (4.1), which then becomes

. = 2
Cin "(nP.QR) = > 3 3 (G '(nP.Q.R))
P(P)P(Q) P(R)

where
§® ( Zznzl (nZAl)) Rr;st
Hj 7 +1)

is the corresponding Yang-Mills supercoefficient, calculated in [30]. The dual superconfor-

Cé\r[n:4 (’I“, P, Q> R) = Ar,rJrl,s,t 5 (43)

mal invariants R,.s are given by [27, 29]

(s —1s)(t — 1t) 6& (Er;st)

R, — , 4.4
Tist 22(r|zrzis|s — V) (r|@pmis|s) (r|rszs|t — 1) (r|2psast|t) (44)
where
r—1 r—1
Er;st = <T| Lpslst Z |k>77k + Tp1Tis Z |k>77k > (45)
k=t k=s

- 12 —



and xgp = Z?;; p;. Finally,

Arri1st = (35353572«“15 - x?ﬂ?m) . (4.6)

DN |

We have thus managed to express each three-mass coefficient as a sum of squares of SYM
coefficients, weighted with bosonic dressing factors and summed over the appropriate per-
mutations.

The product of three tree-level dressing factors in (4.2) can in principle be further
simplified by inserting the explicit solution to the cut expression. The generic solution
(when the four corners are massive) has been worked out in [32]. One can however find
rather simple expressions in terms of spinor variables when at least one of the four am-
plitudes participating in the quadruple cut is a three-point amplitude. For the three-mass
configuration, the quadruple cut solutions have been presented in [43, 44] in a compact
form. For the specific case in figure 4, where the three-point amplitude is anti-MHV, the
solution is [43, 44]

. IntrlPQR] . InwlrQP W
LT (|PRIr) * T ([PRlr) " '
. _|QRr)(rP) . l@PrR
° 7 (r[PRlr) YT lPR)
whereas the dressing factors are given by (3.8), which in this case gives
MHV po (kleg pt2 Thaos]l3)
G (_l2?{P}al3) = S_lyr+1 H 5 (48)
(Kl3)
k=r+1
t—3
klx T l
GMHV(—Zg, {Q},l4) = S_1s H < | k,k-{—<2l4k>+2,l4| 4> ,
k=s

r—3
kg 2 Tryol)
GMHV —l R l =5 < ) 501 .
( 47{ }7 1) S l4tkl;[S <kl1>

We now turn to the two-mass hard coefficients. There are two quadruple cut diagrams
contributing here. These are shown in figure 5, where the two adjacent three-point ampli-
tudes are MHV and anti-MHV (or vice versa). Similarly to the N = 4 case discussed in [29],
these two diagrams can be regarded as special cases of the three-mass diagrams in figure 4.
The result for the first diagram is simply given by Cé\rfnzg(i,i + 1, P,Q), whereas for the
second one has Cé\rfn:ég(i +1,i,Q, P), where P := {p;ji2,...,pr—1} and Q := {py,...,pi-1}.
The three-mass coefficients are defined in figure 4. The two-mass hard coefficients are then

equal to
CP8(i i +1,P,Q) = CY8(i,i +1,P,Q) + CY8(i +1,4,Q, P) . (4.9)

We will present in section 5.2 some numerical checks of (4.9) for the case of six-point
NMHYV superamplitudes, finding agreement with the results of [8, 9].
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I+1

i

Figure 5. The two quadruple cut diagrams determining the two-mass hard supercoefficient
N =8(i,7,P,Q) in the NMHV amplitudes in A/ = 8 supergravity. Three-point amplitudes
depicted in (black) white have the (anti-)MHV helicity configuration. The remaining two
amplitudes are MHV’s.

4.2 Two-mass-easy and one-mass coefficients

We now move on to consider the two-mass easy coefficients, and as a particular case of
these, the one-mass coefficients. In the two-mass easy case there are two diagrams, as in
the SYM case considered in [29], related to each other by a simple exchange of labels.
Fach cut diagram has two anti-MHV amplitudes, one NMHV amplitude and one MHV
amplitude, see figure 6.2

Consider the first diagram. The result from the quadruple cut is

4
_ 1 T
Cone (7, P,s,Q)\1 =352 /Hd%M%dHV(—h,r, ly) MNMEV(_po 11 s —1,13)
S+ =1

) MITY (g5, 00) MMV (<l s 1, - L) (4.10)

Here we may use the expression for NMHV tree amplitudes given in [24], namely

MMV oy = Y MM ), (4.11)
P(2,...n—1)
where the ordered subamplitude M MV (1 n) is
n—3 n—1
MMV n) = ANV )P Y R G (4.12)
=2 j=i+2

2 An additional quadruple cut can actually be constructed by replacing one of the two three-point anti-
MHV amplitude with a three-point MHV one, and compensating this by replacing further the NMHV
amplitude by an MHV one. It can easily be shown [29] that this particular quadruple cut would lead to
constraints on the external kinematics, and hence can be ignored.
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Figure 6. The two quadruple cut diagrams determining the two-mass easy supercoeflicient
eV =8(r, P,s,Q) in the NMHV amplitudes in N' = 8 supergravity. Three-point amplitudes have
the anti-MHV helicity configuration, whereas the white amplitudes are MHV. We also define

1 -1
P = le:T_le, and Q := 27:54-1 DI

n n-1

Figure 7. Diagrammatic representation of the superconformal invariant R,.;. The numbers in
the blobs indicate the minimum number of legs which need to be attached to that blob. From this
figure, it is easy to see that =,.;; in (4.5) does not depend either on 7,, and n;.

NMHV
n;ij
the dual superconformal invariants given in (4.4); a useful diagrammatic representation of

The explicit expressions for the dressing factors G are given in [24], and R,;; are

these quantities was suggested in [29], and is reproduced for convenience here in figure 7.

The very important property of R,.;, which follows immediately from its defini-
tion (4.4) and from figure 7, is that it does not depend either on 7, and n;. This observation
simplifies drastically our calculation, and is eventually responsible for why we will be able to
write the A/ = 8 supercoefficients as sums of squares of SYM supercoefficients. Specifically,

MNMHV(

in writing explicitly the tree-level NMHV superamplitude —lo, Prg1s- -3 Ps—1,13)

,15,



in (4.10) using (4.11) and (4.12), we will pick the loop legs —ls and I3 to be 1 and n appear-
ing in the latter formulae. Two important consequences of this are that, firstly, the sum
over permutations in (4.11) will not involve the cut-loop legs —ly and l3; and, secondly,
that the supermomenta n;, \;, and 7, A, of the cut legs will appear only through the overall
supermomentum conservation delta functions. Therefore, the fermionic integrations over
M, and 7y, in (2.6) will proceed as in the case of the supergravity MHV superamplitude
discussed previously.?

We now proceed with the calculation. Inserting (4.11) and (4.12) into (4.10), as well as
the expressions for the three-point anti-MHV amplitude (2.4) and for the MHV amplitude
n (3.7), we find

2

Cé\rfnes (NMHV)( ,P,s5,Q) = _Z/Hds AMHV —ly, 7 lg)]Q [A@(—lg,g,l@]

s—3 s—1
2
XZ [AMHV(_ZQ,{p}’ZB)] Z Z(Rl3;ij)2Gg%Hv
P0O) i=r+1 j=i+2
XZAMHV(_M’{Q},ll)]ZGMHV(—M,{Q},11)+7"_>5’ (4.13)

PQ)

where the first (r <> s) term in (4.13) corresponds to the cut diagram on the left (right)
of figure 6. By {P}, {Q}, we mean the (ordered) sets of momenta (p,1,...,ps—1), and
(Pst1y-+ v Dro1).

Next we observe that only one of the two cut solutions contributes, namely the solution
n (3.13). We can then recast (4.13) as

2

Corne” M) P15, Q) = 2 Z > e MV Pis,Q) (4.14)
PHEPH PHQ}
s—3 s—1
X Z Z (Rl3;ij)2Ggl\Z/[]Hv GMHV(—Z4,Q,Z1) +r<s.
t=r+1j=i+2

The dual superconformal invariant R-function appearing in (4.14) is given by (4.4). Ex-

plicitly,
_ (i = 1i)(j = 15)6W (Spyg)
Rl3,ij - D) . . . - (415)
w3 (sl w16 7) Qs rg1,iis |7 — 1) (Usl@r gy 2ol i) (Is]@r gyl — 1)
where
s5— s—
Eipij = — (sl | @rpratig Y M)+ Tpy1 52 D [m)nm | - (4.16)

m=j m=i

A few comments are in order here.

3The same property was observed in the A/ = 4 calculation of [30]. It is quite remarkable that this
property continues to hold in maximal supergravity.
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Firstly, we need to insert the cut solutions into the previous expressions. These are
obtained from (3.13) by just replacing 1 — r. Furthermore, when the minimum value of 7,
i.e. i =7+ 1 is attained in the sum appearing in (4.14), the corresponding spinor for i — 1
is actually |i — 1) = | — l9), since the R-function comes from the NMHV amplitude with
legs (—la, 7+ 1,...,s — 1,13). However, the expression for R in (4.15) is invariant under
rescalings of |i — 1). Hence, since |l3) o |r) because of the cut condition, we conclude that
we can set i — 1) — |r) when the minimum value in the sum over i in (4.14) is attained.

Furthermore, we notice that |l3) o |s) because of the cut condition. By expanding the
fermionic delta function 6™ (Zy,.;;) we see that this will contribute four powers of (I3]; in-
specting (4.15), we conclude that Ry, ;; will eventually be invariant under rescalings of (l3| as
well. We can then replace (I3| — (s| inside the expression for Ry, .;; or, equivalently, Ry,.;; —
Rs.ij and =y,.;; — Es,5, so that the explicit loop solutions are not present in these quantities.

Taking into account the previous remarks, we arrive at

CQme (NMHV( P,s.Q) _QZ Z [Cé\rfneﬂMHv( ,Rs,Q)]z

s—3 s—1
| D0 D (Reig) G ™) GMV (=14, Q, 1) +1 - 5.(4.17)
i=r+1j=142

The general expressions for the MHV dressing factors are given in (3.8), from which one
can obtain GMIV(—1,,Q,1y).

Finally we consider one-mass coefficients. As explained in [29] in the Yang-Mills case,
the two relevant diagrams are special cases of other diagrams. In the first of them, the
three three-point corners are MHV-MHV-MHYV and the fourth corner is MHV, which is a
special case of the NMHV 2me coefficient. In the second diagram, the three three-point
corners are MHV-MHV-MHYV and the fourth corner is NMHV, which is a special case of
the NMHYV three-mass coefficient. Therefore, one finds

CN=B(s4+2,Ps,s+1) =ClB(s+2,Ps,s+ 1) +Cy S (s+1,s+2,Ps) . (4.18)

5 Examples

In order to illustrate and test the above expressions for the one-loop integral supercoeffi-
cients, we can compare these with known cases.

5.1 Five-point NMHYV superamplitude

The simplest case is the five-point NMHV superamplitude. Here the relevant cut diagram
we consider is depicted in figure 8.
The cut solution is:

ll = )‘l15‘1, l2 = >‘125‘2’ l3 = )‘l35‘3a l4 = >‘l45‘4, (51)
and A\ ,..., A, are again easily determined by imposing momentum conservation at the
four corners of the cut diagram. The result is
Q4] _ Q] _ P
141 0 )‘lz — T 4471 )‘l3 |
[14] [41] [41]

A, = P (5.2)

My =~ [14]
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| 5

Figure 8. A quadruple cut diagram determining the supercoefficient C(1,{23},4,5) in the five-
point anti-MHV superamplitudes in N' = 4 SYM and N = 8 supergravity. The black three-point
amplitude has the anti-MHV configuration, and the remaining two amplitudes are MHV’s.

which is valid for a generic two-mass easy configuration, i.e. for P and ) non null. In the
specific case of figure 8, we have P = py + p3 and @) = ps.

It is instructive to first consider the N' = 4 SYM calculation in this case as the
manipulations are very similar. Here the amplitude supercoefficient is given by the following
fermionic integral,

cN=%(1,{2,3},4,5)= Z/Hd477 AYIV (1)1, 1y) AV (<15, 2,3, 13)

x ANV (—15,4,10) AYV (—1y,5,01) (5.3)
where [6, 25]

0@ (i, [514] + ms[l1 4] + my, [145])
[145][511][1114] ’

and the MHV superamplitudes are given by the usual formula (3.3). As in previous cases,

AV (1, 5.1) = (5.4)

there is only one solution to the cut equation for this amplitude, given in (5.1) and (5.2).
Let us consider the fermionic integrations arising from (5.3). These give

4
/H d S (= Ay + oA +mAL) 8 (=i iy + Mg iy + M2 + 13 A3)
i—1

x 0 (=i My + M Ay + 1aha) 6D (i, [511] + ns[lala] + myy [145])

:<<15><2[i%15] 45> 5<s<zn A) (1128) + mo[31] + ne[12]) . (5.5)

where we have used the cut solution (5.1) and (5.2).
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The contribution of the spinor factors arising from (5.3) is readily evaluated to be

[14]°
(23)*((15)[15)(45)[45])* N’

(5.6)

where N := [12][23][34][45][51]. Putting this together with the contribution from fermionic
integrations we arrive at the following result for the quadruple cut:

5
cN=4(1,{2,3},4,5) = %5@(277@-&) 5(4)("1[23];55[;’3]+773[12]) si5845 . (5.7)
=1

We recall that the five-point tree-level anti-MHV amplitude is [29]

S 5 (4)
AMHV (123 4.5) = 6<8><;nm> J (771[23];27;5[;’):]%3[12])’ (5.8)

from which we conclude that the the supercoefficient is given by

CN=4(1,{2,3),4,5) = 5152545 AMIV(1.9.3.4.5), (5.9)

which is the expected result.

The expression for the supercoefficient CN=3(1,{2,3},4,5) in the case of N' = 8 su-
pergravity is again obtained by looking at the quadruple cut depicted in figure 8, which in
this case is

4
_ 1
CN_8(15 {25 3}5 4’ 5)25 Z /H d877li Mg/IHV(_lla 1, l2) ME/IHV(_Z% 2, 35 l3)
S+ =1

x MYV (Z15 4, 1) MYV (1, 5.1),  (5.10)
where
MYV (11,1, 0) = (AT (0,1, 10)),
MYV (<145, 1) = (AYTY (=14, 5,11))°, (5.11)
and the four-point MHV superamplitudes is, using (3.7),
MYV (15,2,3,13) = 5_1,0 (AP (12, 2,3,15)) + 51,3 (AYV (<12, 3,2,15))* . (5.12)
We can then recast CN:8(17 {2,3},4,5) as the sum of two terms,
cN=8(1,{2,3},4,5) := C(1,{2,3},4,5) + C(1,{3,2},4,5), (5.13)

corresponding to the two terms in the sum in (5.12). Each of these two terms is instantly
obtained from the corresponding result in Yang-Mills, we only have to calculate the dress-
ing factors

G(~15,2,3,13) = s_1,0 = [12] (23)[34] _ Try(1234)

[14] S14 ’
Glln,3.2.15) = 51,5 = (135224 _ Tre(1824) (5.14)
[14] S14
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using the explicit cut solution.
We can then write
_ 1 NEV 2 Try (1234
NI (1{2,314,5) = 3 <315 su5 AMIV(1 93 4, 5)) Try (1234) (5.15)
S14
or, for the coefficient of the pseudo-conformally invariant box function (obtained from the

previous one by dividing by —s15545/2),

“ —_ 2
CV=8(1,{2,3),4,5) = —<A§4HV(1,2,3,4,5)> Tr, (1234) 215745 (5.16)
514

A similar analysis applies for the coefficient of CVN=8(1, {3,2},4,5). We can now recast the
supergravity coefficient (5.13) as a sum of squares of Yang-Mills coefficients, as

2 Tr, (1234)

S14

+2 (CV=1(1, (3,2}, 4, 5))2&15’24) . (5.17)
S1

CN=8(1,{2,3},4,5) =2 (CN74(1,{2,3},4,5))

We now wish to compare with the known results for the N = 8 supergravity amplitude.
The sum in (5.13) gives, modulo an overall common factor,
1 1 [14][32]

2134 [3[24] — [2J3][24][34] ’ (5.18)

and we recognise that our present manipulations are the complex conjugate of those leading
to (3.21), in particular

Gl-230) _ (23 (432 _ @3 1
p%) (12][23][34])2 ~ [14][23]2 [12][13][24][34] ~ [23] [12][24][13][34] ’ (5.19)

which is the complex conjugate of h(1,{2,3},4). Hence we can also write

5 0™ (n1[23] + 12[31] + n3[12]) )
<S15845 5® ( ; 77i)‘i> [45][51] (45)* 3 >

cN=8(1,{2,3},4,5)

Z G(_l2a 27 35 l3)

@) ([12][23][34])*
- 0 (11[23] + ma[31] + ms[12])
— [815845 5(8) <ZZ_;772)\Z> <45>4 ]
x  h(1,{2,3},4) h(4,{5},1), (5.20)

where we have also introduced h(4, {5},1) = 1/([45][51])?. Equation (5.20) is in agreement
with the results of [7].
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5.2 Six-point NMHYV superamplitude

In this section we will consider (4.9) in the case of six-point NMHV superamplitudes, and
perform some numerical checks comparing our results to those derived in [8, 9] for six-
point NMHYV graviton scattering amplitudes. Specifically, we will compare our results to
the following coefficients derived in [8, 9]:

=81t 27 37,47}, {5,6T}) (5.21)

_1 534556515 (5 )°
2 [23][34][24][43](56) (61)(65) (51) 2|25 |5)[2[225]6) [3|z5 | 1) [4]225[1)

and

=83t 4~ {5t 61}, {17,271} (5.22)
1 ([3|x14]4)) 12856 (534)>

2 (45)(46)(56) (65) [12][13][21][23][1]x14]4)[2]714|4) [3|214]5) [3|214]6)

1 (12)°[56]° 512556534

2 (13)(23)[45][46][4]x14[1)[4|214]2)[5]714|3) [6]214]3) -

+
At six points, (4.9) is
Chn’(i+LPQ) = i+ LP.Q) + (i +1L,P.Qi),  (5.23)

where P = p; 1o+ pits and Q = p;+4+pit5. The three-mass supercoefficients given in (4.2)
become in this case

A+, PQ) = Y Y (e i+ 1,P.Q)° (5.24)
P(P) P(@Q)
o (i 2IPQIi)Gli + 1] +2] (i +41P (i + D]i)ilQli +4]
(|(i + 1) Qi) (il(i +1) Qi) ’
and
AT+ LPQ) = Y Z CY=4i+1,P,Q,0)) (5.25)
P(P)P

((H—Z) (i+1)(i+1]i Q Pli+2] (i+4|Qi|i+1)(i+1|P|i+4]

X2
(i+1|Pili+1) (i+1|Pili+ 1) ’

where dressing factors involving one external leg are equal to one, and the general expression
for the N' = 4 three-mass supercoefficient entering (5.24) and (5.25) is given in (4.3). Thus,

we arrive at

Cth (Z Z+1 PQ)

2
Die 177@)‘2)Ri;i+2i+4 Aot
7% % ( <]] n 1> z,z+1,z+2,z+4>
(i +2[P Qi) (ili + 1] +2] (i + 4P (i + 1)]i) (@[ Qli + 4]
o (il + 1) Qli) GG+ 1) Q) (5.26)
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2
N SO (00 mihi) Rigvsiva Arr o
Hj <]] T 1> i+1,i+2,1+4,1
5 ((1+2)G+ 1) (i +1iQPli+2] (i +4|Qili +1)(i+ 1|P|i + 4]
(i + 1|Pili + 1) (i+1|Pili+ 1)

In order to be able to extract the coefficients for graviton amplitudes, we need to anal-
yse the n-dependence of the R-functions in (5.26). The dependence on the supermomenta
of the external particles is contained in the product [0 (Z,.,1)6® (¢)]?. Since we are going

to compare to NMHYV graviton amplitudes, we will only need the coefficients of terms of

the form (1) (n;)® (1k)®.
Consider now the helicity assignment for the coefficient in (5.21). In (5.26), we en-

counter the quantities Z;,;410i44 and Z;y1.44i16. Therefore, we consider the expressions
6®)(21.35)019 (¢) and 6®) (Z2.51)6(19) (q). From (4.5), we have, setting i = 1,

Eis = (L(5+6)4[3)ns + (1|(5 + 6) 4|4)ma + (34)[34](15)n5 + (34)[34](16)ms ,  (5.27)

and

Eg;51 = (21)(56) ([61]n5 + [15]n6 + [56]m1) - (5.28)

In the expansion of
6
5 (Z455) 509 (Z ) (5.20)
we need to pick the coefficient of (12)%(n3)%(n4)®, which is:
((1]5 + 6]3 + 4]2)(43))®, (5.30)

and in the expansion of

5®)([61]ns + [15]n6 + [51]ny) 616 (Zn > (5.31)

the coefficient of (12)®(n3)%(n4)® vanishes. In performing the sum in (5.26) one will also
need to include permutations of the above quantities.

Now we turn to the coefficient in (5.22) and compare to (5.26). In considering (5.26)
for this helicity assignment, we encounter the quantities Z3.51 and Z4,13. These can be
simply obtained by permuting indices in the expressions for Zj.35 and Za.51 given above.
The corresponding coefficients for (1;)8(12)8(n4)® are:

((12)(34)s56)% , (5.32)

from =3.51, and
(41 + 23], (5.33)

from Zy4.13.
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Now we compare (5.21) and (5.22) to the expansions of C)'75(1,2,{3,4}, {5,6}) and
CY=8(3,4,{5,6},{1,2}) which one derives from (5.26). Summing over the appropriate

permutations, we get

(34)°[56](1](5 + 6) (3 + 4)[2)° (s125234)°
2(12)6(56)2(1]5 + 6[2]2(s34)?

CpSi(1t, 27 37,47}, {57,6%)) =

1 1
“ | T16) 23] (53 + 41215 + 614]  (51)[23](6]3 + 412](1]5 + 6/4]
1 1
6247503 + 4121(15 + 6]3]  (15)[24](6]3 + 412](15 + 6]3] (5.34)

and

_ (34)"[34)* (5456)°
2(3|(14+2) (5+6)[4)2

eS8, 47, (57,61}, {17,27)) =

(12)°[12](56)[56]°
[ (3]1 + 2/4]2
1 1

X(@@Mmam+m4@u+2m (13)[45](2[5 + 6[4](3[1 + 2[6]

1 1
B (23)[46](1]5 + 6]4] (3|1 + 2|5] * (13)[46](2|5 + 6]4] (3|1 + 2|5]>
(12)[56](4|1 + 2|3]6
(56)2[12]
1 1

8 <<45>[23]<4\5 +6]1](6]1 + 2|3]  (45)[13](4|5 + 6]2](6|1 + 2|3]

1 1
_M®D$Mb+mﬂwu+amy*umua@w+mﬂ@u+zm>]- (5.35)

We have checked numerically that (5.34) and (5.35) agree with (5.21) and (5.22), respec-
tively.

6 General supergravity amplitudes

Let us now consider going beyond NMHYV. For the N°MHV amplitudes we seek degree
16 (for N' =4 SYM) or degree 32 (for N' = 8 supergravity) contributions which leads to
the following possibilities for the four tree amplitudes entering into the quadruple cuts:
one can have four MHV amplitudes, leading to four-mass, three-mass and two-mass co-
efficients, or two MHV amplitudes, one anti-MHV amplitude and one NMHV amplitude,
leading to three-mass and two-mass hard coefficients, or two NMHV and two anti-MHV
amplitudes leading to two-mass easy coefficients, or finally one can have one MHV ampli-
tude, two anti-MHV amplitudes and one N2MHV amplitude, leading to the two-mass easy
and one-mass coefficients.
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P S
Figure 9. A quadruple cut diagram determining the four-mass supercoefficient in an N2MHV
amplitude. The four tree-level superamplitudes entering the cut have the MHV configuration.

For the four-mass coefficients, the obvious quadruple cut diagram, represented in fig-
ure 9, has four MHV tree-level superamplitudes, and is given by

A= (P.Q, R, 9) Z/Hd% MMV (1) P 1) MMEV(5, Q1)
X MMHV(_l?nRa l4) MMHV(_l4aSa ll) . (61)

Using (3.7) this is equal to

‘Z/Hdgm [AMEV(_1y P )2 GMUY(—1y, Pylo)

P(P.Q.R,S)
x [AMEV (15, Q,13)]> GMIY (=lp, Q,13) [AMTY (=13, R, 14)]* GMTY (13, R, 14)
x [AMIV (=1, 8,01)]* GMY (=1, S, 1h) (6.2)

where the sum Zp( P,Q,R,s) IS over permutations of momenta within each of the sets of mo-
menta P, @), R and S. Since the dressing factors G are independent of the superspace vari-
ables 7, the superspace integrals will only act on the square of the product of the four tree
MHYV superamplitudes in the expression above. This is the same calculation as (the square
of) the corresponding A/ = 4 Yang-Mills four-mass coefficient, and hence one deduces that

CA=S(P,Q, R, S) = Z ST (PE2GMIV iy, Ply)

Si P(P,Q,R,S)
X GMHV(_127Q7Z3) GMHV(_l?nRa l4) GMHV(_Z4757 l1)7 (63)

where Pim 1 is the coefficient function given in equation (5.11) of [29] (this depends on
the external momenta and in addition on the loop variables [;, the solutions for which
must be substituted).
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Figure 10. Quadruple cut diagrams contributing to the three-mass supercoefficient in an N2M HV
amplitude. Additional quadruple cut diagrams contributing to this supercoefficient are obtained as
special cases of the four-mass quadruple cut diagram in figure 9.

A comment is in order here. We observe that, in contradistinction with the coefficients
considered so far, because of the presence in (6.3) of a sum over the two solutions, we
cannot recast immediately the right-hand side of this equation in terms of squares of N' = 4
supercoeflicients; this appears to be a general feature of four-mass box coefficients.

For the three-mass case, we have two possibilities. The first one corresponds to a spe-
cial case of a four-mass coefficient, where one of the four tree superamplitudes in figure 9 is a
three-point MHV amplitude. In addition, there are three new diagrams, represented in fig-
ure 10.

We focus our attention for instance on the second diagram in figure 10. This gives

CN=3(r,P,Q,R) Z/Hd% MYV (1 e 1) MMV (Z1y, P 1)
X MNMHV(_Z3,Q>Z4) MMHV(_Z4’R’ZI)5 (64)

where P = ZZ ri1 Dis @ = Z s Ypi, R = S ! pi. Because of the presence of a three-point
anti-MHV amplitude, only one of the two cut solutions contributes to the cut diagram
of figure 1, therefore one can then drop the sum over solutions in (6.4). The explicit
expressions (3.7), (4.11) and (4.12) may be inserted into this relation, yielding

A5, P,Q, R) / HdSm AV iy, )2 [AMEY (<, P )2
(PQ R)
x GMIY (<, Pg) (AN (<1, Q1)) (30D BA(~13, Q)G (<13, Q.1))
x [AMIV(_1, R GMEV (<1, R 1), (6.5)

where we indicate the NMHV summation schematically for simplicity. Again, the key
point, as noted in the discussion of NMHV amplitudes earlier, is that the fermionic variables
corresponding to the loop momenta do not appear in the dressing factors or the R-functions.
Hence one can perform these superspace integrations ignoring these functions — and this
corresponds to performing the same steps as in the corresponding N/ = 4 Yang-Mills case,
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r+1

Figure 11. Quadruple cut diagrams contributing to the two-mass easy coefficients of an N2M HV
amplitude. The black amplitudes have the anti-MHV helicity configuration.

with the difference that the result is squared. Thus we obtain

A PQR) [, =2 Y (CNTrP,Q.R) |, ) ’GMIY (—y, PIs)
P(PQ, R)

X303 R (1, Q)G (<15, Q1)) GV (—1y, R, 1), (6.6)

where by Cé\rfn:‘l(r, P,Q,R) |, we mean the result of the same quadruple cut diagram eval-
uated for N'=4 SYM. The two-mass hard discussion goes along similar lines.

Finally, consider the two-mass easy case. There are four types of diagrams possible
here. A first non-vanishing contribution is obtained as a special case of the four-mass
quadruple cut (see figure 9), when two opposite corners of the diagram are three-point
MHYV amplitudes.

A second possibility is a special case of the three-mass contributions considered earlier
in figure 10, where the MHV amplitude opposite to the anti-MHYV three-point amplitude is
also a three-point amplitude. This particular quadruple cut diagram will in general vanish
as it would entail constraints on the external kinematics (this is not specific to the particular
amplitudes considered here, but is a general feature of two-mass easy quadruple cuts where
the two opposite three-point amplitudes cannot be one MHV and one anti-MHV).

The third contribution comes from diagrams with two anti-MHV amplitudes at oppo-
site corners and two NMHV amplitudes at the other two corners, see figure 11. This gives

4
1 -
CQme (1,P,S,Q) |3 = §Z/Hd8nll Mg/IHV(—ll,l,ZQ) MNMHV(—ZQ,P, lg)
X MMHV( l355>l4) MNMHV(_l4aQal1)a (67)

where P = ZZ ypiand Q = >0 41 pi- Now we insert the expressions for the anti-MHV
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Figure 12. Quadruple cut diagrams contributing to the two-mass easy coefficients of an N2M HV
amplitude.

amplitudes and the NMHV amplitudes, obtaining

CYX=8(1,P,5,Q) | Z > /Hd8 AMHV (=11, 1,15) AMEV (15, P,13)

Si P(P,Q)
< AYIV( =13, 5, 1) AMIV (14, Q, 1y) ) (ZZRQGNMHV) (=la, P,l3)

x (D03 RPNV (<14, Q1) (6.8)

using a shorthand notation as previously. Only one solution to the loop momenta condi-
tions contributes, and one may perform the 7 integrals directly - this is the same calculation
as for the MHV two-mass easy case, and thus we find the result

5 Y (AR Ps@) (S ROV (<ha, Ply)

P(P.Q)

x (D030 RGNV (-1, Q1) (6.9)

where the solutions for the loop momenta need to be inserted into the terms containing

CQme (LP’S’Q) |3 =

the dressing functions R and G.

Lastly, there is the two-mass easy diagram represented in figure 12, where a new
ingredient is the presence of a tree-level N°MHV amplitude. This has been given in [24],
and we reproduce this here:

MNMEV( oy = ST AV (L)

P(277n71)
2)
X Z Rn ab|: Z (Rn abcd nabcd+ Z Rn cd H1(1 sabjed (610)
2<a,b<n-—1 a<c,d<b b<c,d<n

Explicit formulae for the H- and R-functions are given in [24]; for our purposes we
will only need to know the fact that the H functions are independent of the superspace
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variables 7, and the R(1,...,n) functions do not depend on 7; or 7, — the latter can be
seen from the fact that these extremal values are never taken by the subscripts on the R’s,
and the explicit form they take (see (2.14) of [24]). Let us write the above equation in the
short-hand form

MNMIV oy = ST AV )2 YOS T RPRPH(L, ). (6.11)

73(27,71—1)

Now we may write the quadruple cut for the two-mass easy diagrams as

N1, P,5,Q) | Z / Hd% METV(1y, 7, 15) MMV (g, p )

X MMHV< I3, s,1a) MMV (=14, Q1) - (6.12)

As for the corresponding NMHV and MHV two-mass coefficients, only one of the two
solutions to the cut condition contributes, given explicitly in (3.13). Taking this into
account, we get

B, Pys,Q) |, = = / Hdgm ST AV iy r 1)) [AYY (g, P,13))?

P(PQ)
X > N RR’H(-ly, P,l3) [AMTV (—l5,5,14)]
< [AMIY (g, Q. 1) GMY (<10, Q1) - (6.13)

We may perform the loop superspace integrals and the final answer is

CQme (7“ P S Q =2 Z CQme T, P737Q) ‘4)2 GMHV(_Z47Q7Z1)
P(P,Q)

X > 3 R’R’H(—ly, P,l3), (6.14)

where the loop momenta are replaced by the cut solution in (3.13). For the one-mass case,
the only contribution comes from the special case of the last two-mass easy case discussed
immediately above — that where @) contains only one external momentum.

Having given some details of how the calculation proceeds for the N?MHYV case, one
can see how the general case will work. One can see from [24] that the generalised R-
functions and dressing factors which arise in any quadruple cut do not depend upon the
n variables corresponding to the loop momenta; hence one may perform the superspace
integrals with these functions as spectators. This calculation is however precisely the same
as the corresponding AN/ = 4 Yang-Mills case, except that the coefficient is squared in the
result. The outcome is that the A/ = 8 supergravity coefficient is given by a sum of the
squares of the result of the corresponding N/ = 4 Yang-Mills calculation, factored into
sums and products of R-functions and dressing factors. There is also in general a sum over
solutions of the cut equation, which need to be inserted into these expressions. Thus we
see how this approach yields N' = 8 supergravity coefficients in terms of squares of the
results of N’ = 4 Yang-Mills calculations.
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7 Conclusions

We have shown here in a number of cases how generalised unitarity can be used in or-
der to generate new expressions for one-loop supercoefficients in N/ = 8 supergravity, and
indicated how this applies in general. In particular, using recent results for tree ampli-
tudes [21, 24], the one-loop supercoefficients take an intriguing form involving sums of
squares of N’ = 4 Yang-Mills one-loop expressions, times dressing factors. It seems likely
that this structure will apply to all one-loop supercoefficients in N' = 8 supergravity. It is
certainly of interest to take this further, proving more general results in detail, deriving al-
gorithms which produce the loop dressing factors, and simplifying the expressions obtained
when the solutions to the quadruple cut conditions for the loop momenta are inserted. For
the MHV case, it was easy to eliminate the loop momenta from the expressions we de-
rived, and thus find a direct correspondence with known results. It may be that a similar
outcome can be attained for non-MHV cases. The loop momenta solutions are known
explicitly, however the dressing factors entering non-MHV amplitudes are more complex.
It is intriguing that both tree-level superamplitudes and one-loop coefficients can be
written in terms of squares of dual superconformal invariant quantities times bosonic dress-
ing factors. It would be interesting to understand what possible deeper reasons may underly
these regularities. In this context, we note that in [30] it was shown that the dual super-
conformal invariant R-functions appearing in the NMHV amplitudes in N’ = 4 SYM have a
coplanar twistor-space localisation. It would be interesting if one could relate the simplicity
of the tree-level and one-loop results in N’ = 8 supergravity to simple twistor-space local-
isation properties. Interesting new ideas have been put forward recently [45-47] which in
particular make a connection between on-shell recursion relations and twistor space [45-49].
Underlying some of the work here are supersymmetric recursion relations [6, 25]. Inter-
estingly, there are additional recursion relations for N' = 8 supergravity amplitudes, arising
from the fact that the tree amplitudes have a 1/22 fall-off at large z [6, 23]. At present, the
conditions imposed by this constraint on one-loop amplitudes have not been much investi-
gated. One might study the large-z behaviour of the new expressions presented here for the
supercoefficients and explore possible recursion relations for these, along the lines of [50].
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